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The aim of this work is to present some cases of aggregation operators with intuitionistic
trapezoidal fuzzy numbers and study their desirable properties. First, some operational
laws of intuitionistic trapezoidal fuzzy numbers are introduced. Next, based on these oper-
ational laws, we develop some geometric aggregation operators for aggregating intuition-
istic trapezoidal fuzzy numbers. In particular, we present the intuitionistic trapezoidal
fuzzy weighted geometric (ITFWG) operator, the intuitionistic trapezoidal fuzzy ordered
weighted geometric (ITFOWG) operator, the induced intuitionistic trapezoidal fuzzy
ordered weighted geometric (I-ITFOWG) operator and the intuitionistic trapezoidal fuzzy
hybrid geometric (ITFHG) operator. It is worth noting that the aggregated value by using
these operators is also an intuitionistic trapezoidal fuzzy value. Then, an approach to multi-
ple attribute group decision making (MAGDM) problems with intuitionistic trapezoidal
fuzzy information is developed based on the ITFWG and the ITFHG operators. Finally, an
illustrative example is given to verify the developed approach and to demonstrate its prac-
ticality and effectiveness.
 2012 Elsevier Inc. All rights reserved.1. Introduction
Atanassov [1] introduced the concept of intuitionistic fuzzy set (IFS) characterized by a membership function and a non-
membership function, which is a generalization of the concept of fuzzy set [2]. The intuitionistic fuzzy set theory has been
applied to many different ﬁelds, such as decision making [3–11], supplier selection [12,13], investment option [14], and logic
programming [15,16]. But, most of these techniques use the minimum and maximum operations to carry the combination
process, which usually produces the consequent loss of information and hence a lack of precision in the ﬁnal results. To over-
come this limitation, Xu [17] developed the intuitionistic fuzzy ordered weighted averaging (IFOWA) operator, and the intui-
tionistic fuzzy hybrid aggregation (IFHA) operator.
Recently, Shu et al. [18] gave the deﬁnition and operational laws of intuitionistic triangular fuzzy number. A prominent
characteristic of the intuitionistic triangular fuzzy set is that its domain is a consecutive set. Then the intuitionistic triangular
fuzzy set constitutes an extension of Atanassov’s fuzzy set intuitionistic fuzzy set (IFS) in which the domain is a discrete set.
Same authors had paid attention to the intuitionistic triangular fuzzy set. Wang [19] gave the deﬁnition of intuitionistic trap-
ezoidal fuzzy number and interval intuitionistic trapezoidal fuzzy number. Further, Wang and Zhang [20] developed the
Hamming distance of intuitionistic trapezoidal fuzzy numbers and the intuitionistic trapezoidal fuzzy weighted arithmetic
averaging (ITFWAA) operator. Wei [21] proposed some arithmetic aggregation operators including the intuitionistic
trapezoidal fuzzy ordered weighted averaging (ITFOWA) operator and the intuitionistic trapezoidal fuzzy hybrid aggregation. All rights reserved.
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is still quite limited. For example, we still will ask the following questions:
(1) If ~ai ¼ ð½ai; bi; ci; di;l~ai ; v ~ai Þ (i = 1,2, . . . ,n) is a collection of intuitionistic trapezoidal fuzzy numbers, is the aggregated
value by using these operators also an intuitionistic trapezoidal fuzzy number?
(2) Are there some new aggregation operators for aggregating intuitionistic trapezoidal fuzzy numbers?
The aim of this article is to develop some familiars of geometric aggregation operators with intuitionistic trapezoidal fuzzy
numbers including the intuitionistic trapezoidal fuzzy weighted geometric (ITFWG) operator, the intuitionistic trapezoidal
fuzzy orderedweighted geometric (ITFOWG) operator, the induced intuitionistic trapezoidal fuzzy orderedweighted geomet-
ric (I-ITFOWG) operator and the intuitionistic trapezoidal fuzzy hybrid geometric (ITFHG) operator. The novelty of these
aggregation operators is that the aggregated value by using these operators is also an intuitionistic trapezoidal fuzzy value.
In order to do that, this work is set out as follows. Section 2 brieﬂy reviews some basic concepts and operation laws re-
lated to intuitionistic trapezoidal fuzzy numbers. Section 3 deﬁnes the concept of the ITFWG, the ITFOWG, the I-ITFOWG and
the ITFHG operators and studies their desirable properties. In Section 4, an ITFWG and ITFHG operators based approach to
multiple attribute group decision making (MAGDM) problems with intuitionistic trapezoidal fuzzy information is presented.
Section 5 provides an illustrative example. Finally, in Section 6 we draw our conclusions.
2. Preliminaries
We start this section by introducing some basic concepts related to intuitionistic trapezoidal fuzzy numbers, which will
be used throughout this paper.
Wang and Zhang [20] gave the deﬁnition of intuitionistic trapezoidal fuzzy number and some operational laws of intui-
tionistic trapezoidal fuzzy numbers as follows:
Deﬁnition 1 [20]. Let ~a is an intuitionistic trapezoidal fuzzy number, its membership function is:l~aðxÞ ¼
xa
bal~a; a 6 x < b;
l~a; b 6 x 6 c;
dx
dcl~a; c < x 6 d;
0; others
8><>: ð1Þ
its non-membership function is:v ~aðxÞ ¼
bxþv ~aðxa1Þ
ba ; a1 6 x < b;
v ~a; b 6 x 6 c;
xcþv ~aðd1xÞ
d1c ; c < x 6 d1;
0; others;
8>><>>: ð2Þ
where 0 6 l~a 6 1; 0 6 v ~a 6 1; l~a þ v ~a 6 1; a; b; c; d 2 R. Then ~a ¼ hð½a; b; c; d;l~aÞ; ð½a1; b; c; d1;v ~aÞi is called an intuitionistic
trapezoidal fuzzy number. For convenience, let ~a ¼ ð½a; b; c; d;l~a;v ~aÞ.Deﬁnition 2 [20]. Let ~a1 ¼ ð½a1; b1; c1; d1;l~a1 ;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2;l~a2 ;v ~a2 Þ be two intuitionistic trapezoidal fuzzy
numbers, and kP 0, then
(1) ~a1  ~a2 ¼ ð½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2;l~a1 þ l~a2  l~a1l~a2 ;v ~a1v ~a2 Þ;
(2) ~a1  ~a2 ¼ ð½a1a2; b1b2; c1c2; d1d2;l~a1l~a2 ;v ~a1 þ v ~a2  v ~a1v ~a2 Þ;
(3) k~a ¼ ð½ka; kb; kc; kd;1 ð1 l~aÞk;vk~aÞ;
(4) ~ak ¼ ð½ak; bk; ck; dk;lk~a;1 ð1 v ~aÞkÞ.Deﬁnition 3 [20]. Let ~a1 ¼ ð½a1; b1; c1; d1;l~a1 ;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2;l~a2 ;v ~a2 Þ be two intuitionistic trapezoidal fuzzy
numbers, and kP 0, then the normalized Hamming distance between ~a1 and ~a2 is deﬁned as follows:dð~a1; ~a2Þ ¼ 18 ðjð1þ l~a1  v ~a1 Þa1  ð1þ l~a2  v ~a2 Þa2j þ jð1þ l~a1  v ~a1 Þb1  ð1þ l~a2  v ~a2 Þb2j þ jð1þ l~a1
 v ~a1 Þc1  ð1þ l~a2  v ~a2 Þc2j þ jð1þ l~a1  v ~a1 Þd1  ð1þ l~a2  v ~a2 Þd2jÞ: ð3ÞDeﬁnition 4 [22]. For a normalized intuitionistic trapezoidal fuzzy decision making matrix eR ¼ ð~rijÞmn ¼ ð½aij; bij; cij; dij;
lij;v ijÞmn, where 0 6 aij 6 bij 6 cij 6 dij 6 1, 0 6 lij,vij 6 1, 0 6 lij + vij 6 1, the intuitionistic trapezoidal fuzzy positive ideal
solution and intuitionistic trapezoidal fuzzy negative ideal solution are deﬁned as follows:
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~r ¼ ð½a; b; c;d;l;vÞ ¼ ð½0;0;0;0;0;1Þ: ð5ÞBased one Deﬁnitions 3 and 4, Wei [22] developed a method for the comparison between two intuitionistic trapezoidal
fuzzy values as follows:Deﬁnition 5 [22]. Let ~ai ¼ ð½ai; bi; ci; di;l~ai ;v ~ai Þ be an intuitionistic trapezoidal fuzzy number and ~rþ be an intuitionistic
trapezoidal fuzzy positive ideal solution, then the distance between ~ai and ~rþ are denoted as dð~ai;~rþÞ. If dð~a1;~rþÞ < dð~a2;~rþÞ,
then ~a1 > ~a2.3. Some geometric aggregation operators with intuitionistic trapezoidal fuzzy numbers
In this section, we shall develop some geometric operators for aggregating intuitionistic trapezoidal fuzzy numbers and
study their desirable properties. In the following, we ﬁrst prove that the operational results by same laws in Deﬁnition 2 are
also intuitionistic trapezoidal fuzzy sets.
Theorem 1. Let ~a1 ¼ ð½a1; b1; c1; d1;l~a1 ;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2;l~a2 ; v ~a2 Þ be two intuitionistic trapezoidal fuzzy numbers
and let a^1 ¼ ~a1  ~a2; a^2 ¼ ~ak, then both a^1 and a^2 are also intuitionistic trapezoidal fuzzy numbers.Proof. Since ~a1 ¼ ð½a1; b1; c1; d1;l~a1 ;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2;l~a2 ;v ~a2 Þ are two intuitionistic trapezoidal fuzzy numbers,
we have0 6 l~a 6 1; 0 6 v ~a 6 1; l~a þ v ~a 6 1:
Then, we can obtain0 6 l~a1l~a2 6 1; 0 6 v ~a1 þ v ~a2  v ~a1v ~a2 6 1;
l~a1l~a2 þ v ~a1 þ v ~a2  v ~a1v ~a2 6 ð1 v ~a1 Þð1 v ~a2 Þ þ v ~a1 þ v ~a2  v ~a1v ~a2 ¼ 1:Thus a^1 is an intuitionistic trapezoidal fuzzy number.
Since ~a ¼ ð½a; b; c; d;l~a;v ~aÞ is an intuitionistic trapezoidal fuzzy number, we have0 6 lk~a 6 1; 0 6 1 ð1 v ~aÞk 6 1;
lk~a þ 1 ð1 v ~aÞk 6 ð1 v ~aÞk þ 1 ð1 v ~aÞk ¼ 1:Thus a^2 is also an intuitionistic trapezoidal fuzzy number, which completes the proof of Theorem 1. hTheorem 2. Let ~a1 ¼ ð½a1; b1; c1; d1;l~a1 ;v ~a1 Þ and ~a2 ¼ ð½a2; b2; c2; d2;l~a2 ;v ~a2 Þ be two intuitionistic trapezoidal fuzzy numbers, k,
k1, k2 > 0. Then, we have:
(1) ~a1  ~a2 ¼ ~a2  ~a1;
(2) ð~a1  ~a2Þk ¼ ~ak2  ~ak1;
(3) ~ak1  ~ak2 ¼ ~aðk1þk2Þ.Proof
(1) This result is obvious.
(2) Applying the operational law (2) in Deﬁnition 2, we have~a1  ~a2 ¼ ð½a1a2; b1b2; c1c2;d1d2;l~a1l~a2 ;v ~a1 þ v ~a2  v ~a1v ~a2 Þ:
Then, by the operational law (4) in Deﬁnition 2, it follows thatð~a1  ~a2Þk ¼ ð½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk; ðl~a1l~a2 Þ
k
;1 ð1 ðv ~a1 þ v ~a2  v ~a1v ~a2 ÞÞkÞ:Also sinceð~a1Þk ¼ ð½ða1Þk; ðb1Þk; ðc1Þk; ðd1Þk; ðl~a1 Þ
k
;1 ð1 v ~a1 ÞkÞ;
ð~a2Þk ¼ ð½ða2Þk; ðb2Þk; ðc2Þk; ðd2Þk; ðl~a2 Þ
k;1 ð1 v ~a2 ÞkÞ:
J. Wu, Q.-w. Cao / Applied Mathematical Modelling 37 (2013) 318–327 321Then we have~ak2  ~ak1 ¼ ð½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk; ðl~a1l~a2 Þ
k
;1 ð1 v ~a1 Þk þ 1 ð1 v ~a2 Þk  ð1 ð1 v ~a1 ÞkÞð1 ð1 v ~a2 ÞkÞÞ
¼ ½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk; ðl~a1l~a2 Þ
k
;1 ð1 ðv ~a1 þ v ~a2  v ~a1v ~a2 ÞÞk
 
Henceð~a1  ~a2Þk ¼ ~ak2  ~ak1
(3) By the operational law (4) in Deﬁnition 2, we obtainð~aÞk1 ¼ ð½ðaÞk1 ; ðbÞk1 ; ðcÞk1 ; ðdÞk1 ; ðl~aÞk1 ;1 ð1 v ~aÞk1 Þ;
ð~aÞk2 ¼ ð½ðaÞk2 ; ðbÞk2 ; ðcÞk2 ; ðdÞk2 ; ðl~aÞk2 ;1 ð1 v ~aÞk2 Þ:Thenð~aÞk1  ð~aÞk2 ¼ ð½ak1ak2 ; bk1bk2 ; ck1ck2 ; dk1dk2 ;lk1~a lk2~a ;1 ð1 v ~aÞk1 þ 1 ð1 v ~aÞk2  ð1 ð1 v ~aÞk1 Þð1 ð1 v ~aÞk2 ÞÞ
¼ ð½ak1ak2 ; bk1bk2 ; ck1ck2 ; dk1dk2 ;lk1~a lk2~a ;1 ð1 v ~aÞk1 ð1 v ~aÞk2 Þ
¼ ð½ak1þk2 ; bk1þk2 ; ck1þk2 ; dk1þk2 ;lk1þk2~a ;1 ð1 v ~aÞk1þk2 Þ ¼ ð~aÞk1þk2 ;which completes the proof of Theorem 2. h
Let X be the set of intuitionistic trapezoidal fuzzy number. In the following, some aggregation operators with intuition-
istic trapezoidal fuzzy numbers are developed as follows:
Deﬁnition 6. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers, and let ITFWG: Xn?X, if
ITFWGxð~a1; ~a2; . . . ; ~anÞ ¼ ~ax11  ~ax22 . . . ~axnn ð6Þthen ITFWG is called intuitionistic trapezoidal fuzzy weighted geometric operator of dimension n, wherex = (x1,x2, . . . ,xn)T
is the weight vector of ~aj ðj ¼ 1;2; . . . ;nÞ, with xj 2 [0,1] and
Pn
j¼1xj¼1. Especially, if x = (1/n,1/n, . . . ,1/n)
T, then the ITFWG
operator is reduced to an intuitionistic trapezoidal fuzzy geometric averaging (ITFGA) operator of dimension n, which is de-
ﬁned as follows:ITFGAxð~a1; ~a2; . . . ; ~anÞ ¼ ð~a1  ~a2 . . . ~anÞ1=n ð7Þ
By Deﬁnition 6 and Theorem 2, we can obtain the following result by using mathematical induction on n.Theorem 3. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers, then their aggregated value by using
the ITFWG operator is also an intuitionistic trapezoidal fuzzy number andITFWGxð~a1; ~a2; . . . ; ~anÞ ¼
Yn
j¼1
~axjj ¼
Yn
j¼1
a
xj
j ;
Yn
j¼1
b
xj
j ;
Yn
j¼1
c
xj
j ;
Yn
j¼1
d
xj
j
" #
;
Yn
j¼1
lxj~aj ;1
Yn
j¼1
ð1 v ~aj Þxj
 !
; ð8Þwhere x = (x1,x2, . . . ,xn)T is the weight vector of ~aj ðj ¼ 1;2; . . . ;nÞ, with xj 2 [0,1] and
Pn
j¼1xj¼1.Proof. The ﬁrst result follows quickly from Deﬁnition 6 and Theorem 2. In the following, we prove the second result by using
mathematical induction on n. We ﬁrst prove that Eq. (8) holds for n = 2. Sinceð~a1Þx1 ¼ ax11 ; bx11 ; cx11 ;dx11
 
; ðl~a1 Þ
x1 ;1 ð1 v ~a1 Þx1
 
ð~a2Þx2 ¼ ax22 ; bx22 ; cx22 ;dx22
 
; ðl~a2 Þ
x2 ;1 ð1 v ~a2 Þx2
 
;thenITFWGxð~a1;~a2Þ¼ ~ax11  ~ax22
¼ ax11 ax22 ;bx11 bx22 ;cx11 cx22 ;dx11 dx22
 
;lx1~a1 l
x2
~a2
;1ð1v ~a1 Þx1 þ1ð1v ~a2 Þx2 ð1ð1v ~a1 Þx1 Þð1ð1v ~a2 Þx2 Þ
 
¼ ax11 ax22 ;bx11 bx22 ;cx11 cx22 ;dx11 dx22
 
;lx1~a1 l
x2
~a2
;1ð1v ~a1 Þx1 ð1v ~a2 Þx2
 
:If Eq. (8) holds for n = k, that isITFWGxð~a1; ~a2; . . . ; ~akÞ ¼
Yk
j¼1
a
xj
j ;
Yk
j¼1
b
xj
j ;
Yk
j¼1
c
xj
j ;
Yk
j¼1
d
xj
j
" #
;
Yk
j¼1
lxj~aj ;1
Yk
j¼1
ð1 v ~aj Þxj
 !
;
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Ykþ1
j¼1
a
xj
j ;
Ykþ1
j¼1
b
xj
j ;
Ykþ1
j¼1
c
xj
j ;
Ykþ1
j¼1
d
xj
j
" #
;
Yk¼1
j¼1
lxj~aj ;1
Yk
j¼1
ð1 v ~aj Þxj þ 1 ð1 v ~akþ1 Þxkþ1
 
 1
Yk
j¼1
ð1 v ~aj Þxj
 !
ð1 ð1 v ~akþ1 Þxkþ1 Þ
!
¼
Ykþ1
j¼1
a
xj
j ;
Ykþ1
j¼1
b
xj
j ;
Ykþ1
j¼1
c
xj
j ;
Ykþ1
j¼1
d
xj
j
" #
;
Ykþ1
j¼1
lxj~aj ;1
Ykþ1
j¼1
ð1 v ~aj Þxj
 !
;i.e, Eq. (8) holds for n = k + 1. Therefore, Eq. (8) holds for all n, which completes the proof of Theorem 3. h
To study some desirable properties of ITFWG operator, we have the following theorem.
Theorem 4. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers and x = (x1,x2, . . . ,xn)T be the
weight vector of ~aj ðj ¼ 1;2; . . . ;nÞ, with xj 2 [0,1] and
Pn
j¼1xj¼1, then we have the following.
(1) (Idempotency): If all ~aj ðj ¼ 1;2; . . . ;nÞ are equal, i.e., ~aj ¼ ~a, for all j, then
ITFWGxð~a1; ~a2; . . . ; ~anÞ ¼ ~a: ð9Þ(2) (Boundary):~a 6 ITFWGxð~a1; ~a2; . . . ; ~anÞ 6 ~aþfor every x, where ~a ¼ minjð~ajÞ and ~aþ ¼ maxjð~ajÞ
(3) (Monotonicity): Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers. If ~aj 6 ~aj for all j, thenITFWGxð~a1; ~a2; . . . ; ~anÞ 6 ITFWGx ~a1; ~a2; . . . ; ~an
 
; for all x: ð10Þ
Based on Deﬁnition 2 and the ordered weighted geometric averaging (OWG) operator [23], we shall develop an intuition-
istic trapezoidal fuzzy version of the OWG operator.
Deﬁnition 7. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers. An intuitionistic trapezoidal
fuzzy ordered weighted geometric (ITFOWG) operator of dimension n is a mapping ITFOWG:Xn?X, that has an associated
vector w = (w1,w2, . . . ,wn)T such that wj 2 [0,1] and
Pn
j¼1wj¼1. FurthermoreITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ ~aw1rð1Þ  ~aw2rð2Þ . . . ~awnrðnÞ; ð11Þ
where (r(1),r(2), . . . ,r(n)) is a permutation of (1,2, . . . ,n) such that ~arðj1Þ P ~arðjÞ for all j. Especially, if w = (1/n,1/n, . . . ,1/n)T,
then the ITFOWG operator is reduced to an ITFGA operator of dimension n,
Similar to Theorem 3, we have the following result.
Theorem 5. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers, then their aggregated value by using
the ITFOWG operator is also an intuitionistic trapezoidal fuzzy number andITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼
Yn
j¼1
a
wj
rðjÞ;
Yn
j¼1
b
wj
rðjÞ;
Yn
j¼1
c
wj
rðjÞ;
Yn
j¼1
d
wj
rðjÞ
" #
;
Yn
j¼1
lwj~arðjÞ ;1
Yn
j¼1
ð1 v ~arðjÞ Þwj
 !
ð12Þwhere w = (w1,w2, . . . ,wn)
T is the weight vector of the ITFOWG operator, with wj 2 [0,1] and
Pn
j¼1wj¼1.
The ITFOWG operator has the following properties, which is similar to those of the ITFWG operator.
Theorem 6. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers and w = (w1,w2, . . . ,wn)T be the
weight vector of ~aj ðj ¼ 1;2; . . . ;nÞ, with wj 2 [0,1] and
Pn
j¼1wj¼1, then we have the following.
(1) (Idempotency): If all ~aj ðj ¼ 1;2; . . . ;nÞ are equal, i.e., ~aj ¼ ~a, for all j, then
ITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ ~a: ð13Þ(2) (Boundary):~a 6 ITFOWGwð~a1; ~a2; . . . ; ~anÞ 6 ~aþ; for all w; where ~a ¼ min
j
ð~ajÞ and ~aþ ¼ max
j
ð~ajÞ:(3) (Monotonicity): Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers. If ~aj 6 ~aj for all j, then
ITFOWGwð~a1; ~a2; . . . ; ~anÞ 6 ITFOWGw ~a1; ~a2; . . . ; ~an
 
; for all w: ð14Þ
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ITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ ITFOWGw ~a01; ~a02; . . . ; ~a0n
 
for all w; ð15Þwhere ~a01; ~a02; . . . ; ~a0n
 
is any permutation of ð~a1; ~a2; . . . ; ~anÞ.
By Eq. (11), we know that the ITFOWG operator has a kind of commutativity. But the ITFWG operator does not have this
property. Further, ITFOWG operator has the following desirable results.
Theorem 7. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers and w = (w1,w2, . . . ,wn)T be the
weight vector of ITFOWG operator, with wj 2 [0,1] and
Pn
j¼1wj¼1. Then we have(1) If w = (1,0, . . . , 0)T, thenITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ max
j
ð~ajÞ:(2) If w = (0,0, . . . , 1)T, thenITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ min
j
ð~ajÞ:(3) If wj = 1, wi = 0, and i– j, thenITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼ ~arðjÞ;
where ~arðjÞ is the jth largest of ~ai ði ¼ 1;2; . . . ;nÞ
In the following, we shall present the induced intuitionistic trapezoidal fuzzy ordered weighted geometric (I-ITFOWG)
operator, which is an extension of the ITFWG and the ITFOWG operators.
Deﬁnition 8. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers. An induced intuitionistic
trapezoidal fuzzy ordered weighted geometric (I-ITFOWG) operator of dimension n is a mapping I-ITFOWG:Xn?X, that has
an associated vector w = (w1,w2, . . . ,wn)T such that wj 2 [0,1] and
Pn
j¼1wj¼1. FurthermoreI-ITFOWGwðhu1; ~a1i; hu2; ~a2i; . . . ; hun; ~ani; Þ ¼ ~aw1rð1Þ  ~aw2rð2Þ . . . ~awnrðnÞ; ð16Þ
where w = (w1,w2, . . . ,wn)T be the weighting vector of ~aj (j = 1,2, . . . ,n), where wj > 0;
Pn
j¼1wj ¼ 1; ~arðjÞ is the ~ai value of the
ITFOWG pair hui; ~aii having the jth largest ui(ui 2 [0,1]), and ui in hui; ~aii is referred to as the order inducing variable and ~ai as
the intuitionistic trapezoidal fuzzy numbers.
Similar to Theorem 3, we have the following.
Theorem 8. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers, then their aggregated value by using
the I-ITFOWG operator is also an intuitionistic trapezoidal fuzzy number andI ITFOWGwð~a1; ~a2; . . . ; ~anÞ ¼
Yn
j¼1
a
wj
rðjÞ;
Yn
j¼1
b
wj
rðjÞ;
Yn
j¼1
c
wj
rðjÞ;
Yn
j¼1
d
wj
rðjÞ
" #
;
Yn
j¼1
lwj~arðjÞ ;1
Yn
j¼1
ð1 v ~arðjÞ Þwj
 !
; ð17Þwhere w = (w1,w2, . . . ,wn)
T is the weight vector of the I-ITFOWG operator, with wj 2 [0,1] and
Pn
j¼1wj¼1.
The I-ITFOWG operator satisﬁes the following properties:
Theorem 9. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers and w = (w1,w2, . . . ,wn)T be the
weight vector of ~aj ðj ¼ 1;2; . . . ;nÞ, with wj 2 [0,1] and
Pn
j¼1wj¼1, then we have the following.(1) (Commutativity). I  ITFOWGwðhu1; ~a1i; hu2; ~a2i; . . . ; hun; ~aniÞ ¼ I  ITFOWGw u1; ~a01i; hu2; ~a02i; . . . ; hun; ~a0n
 	 
, where u1; ~a01
 	
;

u2; ~a02
 	
; . . . ; un; ~a0n
 	Þ is any permutation of ðhu1; ~a1i; hu2; ~a2i; . . . ; hun; ~aniÞ.
(2) (Idempotency). If ~aj ¼ ~a for all j, then I-ITFOWGw ðhu1; ~a1i; hu2; ~a2i; . . . ; hun; ~aniÞ ¼ ~a.
(3) (Monotonicity). If ~aj 6 ~a0j for all j, then I  ITFOWGwðhu1; ~a1i; hu2; ~a2i; . . . ; hun; ~aniÞ 6 I  ITFOWGw hu1; ~a01i;

u2; ~a02
 	
; . . . ; un; ~a0n
 	Þ.
Note that if ui = No. i is the ordered position of ~ai, then the I-ITFOWG operator is reduced to the ITFWG operator; if ui ¼ ~ai
for all i, then the I-ITFOWG operator is reduced to the ITFOWG operator.
By Deﬁnitions 6 and 7, we know that the ITFWG operator weights only the intuitionistic trapezoidal fuzzy numbers, while
the ITFOWG operator weights only the ordered positions of the intuitionistic trapezoidal fuzzy numbers. To overcome this
limitation, we shall develop an intuitionistic trapezoidal fuzzy hybrid geometric (ITFHG) operator.
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fuzzy hybrid geometric (ITFHG) operator of dimension n is a mapping ITFHG: Xn?X, that has an associated vector
x = (x1,x2, . . . ,xn)T such that xj 2 [0,1] and
Pn
j¼1xj¼1.ITFHGx;wð~a1; ~a2; . . . ; ~anÞ ¼ ~a
...
x1
rð1Þ  ~a
...
x2
rð2Þ . . . ~a
...
xn
rðnÞ; ð18Þwhere ~a
...
rðjÞ is the jth largest of the weighted intuitionistic trapezoidal fuzzy numbers ~a
...
j ~a
...
j ¼ ~anwjj ; j ¼ 1;2; . . . ;n
 
,
w = (w1,w2, . . . ,wn)T is the weight vector of the ~aj with wj 2 [0,1] and
Pn
j¼1wj¼1, and n is the balancing coefﬁcient, which plays
a role of balance (in such a case, if the vector w = (w1,w2, . . . ,wn)T approaches (1/n,1/n, . . . ,1/n)T, then the vector
~anw11 ; ~a
nw2
2 ; . . . ; ~anwnn
 T approaches ð~a1; ~a2; . . . ; ~anÞT .
Similar to Theorem 3, we also obtain the following result.
Theorem 10. Let ~aj ðj ¼ 1;2; . . . ;nÞ be a collection of intuitionistic trapezoidal fuzzy numbers; then their aggregated value by
using the ITFHG operator is also an intuitionistic trapezoidal fuzzy number andITFHGx;wð~a1; ~a2; . . . ; ~anÞ ¼
Yn
j¼1
a
...xj
rðjÞ;
Yn
j¼1
b
...xj
rðjÞ;
Yn
j¼1
c
...xj
rðjÞ;
Yn
j¼1
d
...xj
rðjÞ
" #
;
Yn
j¼1
l
...xj
~arðjÞ
;1
Yn
j¼1
ð1 v... ~arðjÞ Þxj
 !
; ð19ÞThe ITFHG operator is composed of the following three phases.
(1) It weights the intuitionistic trapezoidal fuzzy numbers ~aj ðj ¼ 1;2; . . . ;nÞ by the associated weights
w = (w1,w2, . . . ,wn)T and multiplies these values by a balancing coefﬁcient n, and then weighted intuitionistic trapezoi-
dal fuzzy numbers ~a
...
j ~a
...
j ¼ ~anwjj ; j ¼ 1;2; . . . ;n
 
.
(2) It reorders the weighted intuitionistic trapezoidal fuzzy numbers ~a
...
j in descending order ð~a
...
rð1Þ; ~a
...
rð2Þ; . . . ; ~a
...
rðnÞÞ, where ~a
...
j
is the jth largest of the weighted intuitionistic trapezoidal fuzzy numbers ~a
...
j ðj ¼ 1;2; . . . ;nÞ.
(3) It weights intuitionistic trapezoidal fuzzy numbers ~a
...
j ðj ¼ 1;2; . . . ;nÞ by ITFHG weights x = (x1,x2, . . . ,xn)T and then
aggregates all the weighted intuitionistic trapezoidal fuzzy numbers ~a
...
j ðj ¼ 1;2; . . . ;nÞ into a collective one.
Theorem 11. The ITFWG operator is a special case of the ITFHG operator.
Proof. Let x = (1/n,1/n, . . . ,1/n)T, thenITFHGx;wð~a1; ~a2; . . . ; ~anÞ ¼ ~a
...
x1
rð1Þ  ~a
...
x2
rð2Þ . . . ~a
...
xn
rðnÞ ¼ ~a
...
1=n
rð1Þ  ~a
...
1=n
rð2Þ . . . ~a
...
1=n
rðnÞ ¼ ~aw11  ~aw22 . . . ~awnn
¼ ITFWGwð~a1; ~a2; . . . ; ~anÞ:
This completes the proof of Theorem 11. h
Theorem 12. The ITFOWG operator is a special case of the ITFHG operator.
Proof. Let w = (1/n,1/n, . . . ,1/n)T, then ð~a
...
j ¼ ~aj; j ¼ 1;2; . . . ; nÞ, thusITFHGx;wð~a1; ~a2; . . . ; ~anÞ ¼ ~a
...
x1
rð1Þ  ~a
...
x2
rð2Þ . . . ~a
...
xn
rðnÞ ¼ ~ax1rð1Þ  ~ax2rð2Þ . . . ~axnrðnÞ ¼ ITFOWGxð~a1; ~a2; . . . ; ~anÞ;which completes the proof of Theorem 12. h
Example 1. Let ~a1 ¼ ð½0:3;0:4;0:5; 0:6;0:8;0:1Þ, ~a2 ¼ ð½0:2;0:3;0:4;0:5;0:7;0:2Þ, ~a3 ¼ ð½0:2;0:3;0:5;0:6;0:6;0:4Þ, and
~a4 ¼ ð½0:6;0:7;0:8;0:9;0:5;02Þ be four intuitionistic trapezoidal fuzzy numbers, and let w = (0.2,0.3,0.1,0.4)T be the
weighted vector of ~aj ðj ¼ 1;2;3;4Þ; then we get the weighted intuitionistic trapezoidal fuzzy numbers~a
...
1 ¼ ð½0:38;0:48;0:57; 0:66;0:84;0:08Þ;
~a
...
2 ¼ ð½0:15;0:24;0:33; 0:44;0:65;0:23Þ;
~a
...
3 ¼ ð½0:52;0:62;0:76; 0:82;0:82;0:18Þ;
~a
...
4 ¼ ð½0:44;0:56;0:70;0:84; 0:33; 0:30Þ;
...By Eq. (3), we calculate the normalized Hamming distance between ~ai ði ¼ 1;2;3;4Þ and r+ as follows:dð~a
...
1; rþÞ ¼ 0:083; dð~a
...
2; rþÞ ¼ 0:296; dð~a
...
3; rþÞ ¼ 0:086; dð~a
...
4; rþÞ ¼ 0:172:
Sincedð~a
...
1; rþÞ < dð~a
...
3; rþÞ < dð~a
...
4; rþÞ < dð~a
...
2; rþÞ:
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...
1 > ~a
...
3 > ~a
...
4 > ~a
...
2:Thus we have~a
...
rð1Þ ¼ ~a
...
1; ~a
...
rð2Þ ¼ ~a
...
3; ~a
...
rð3Þ ¼ ~a
...
4; ~a
...
rð4Þ ¼ ~a
...
2:Suppose that x = (0.155,0.345,0.345,0.155)T (derived by normal distribution based method [24] is the weighted vector of
ITFHG operator). Then, by Eq. (19), we have~a ¼ ITFHGx;wð~a1; ~a2; ~a3; ~a4Þ ¼ ð½0:50;0:61;0:73;0:82;0:62;0:19Þ:4. An approach to MAGDM problems with intuitionistic trapezoidal fuzzy information
In this section, we shall present an ITFWG and ITFHG operators based approach to solve the multiple attribute group
decision making (MAGDM) problems with intuitionistic trapezoidal fuzzy information.
Let A = {A1,A2, . . . ,Am} be a discrete set of alternatives, and U = {u1,u2, . . . ,un} be the set of attributes, w = {w1,w2, . . . ,wn} is
the weighting vector of the attribute uj (j = 1,2, . . . ,n), where wj > 0,
Pn
j¼1wj ¼ 1. Let D = {d1,d2, . . . ,dt} be the set of decision
makers, w = (w1,w2, . . . ,wt)T be the weight vector of decision makers, with wk 2 [0,1] and
Pt
k¼1wk ¼ 1. Suppose thateRðkÞ ¼ ~rðkÞij mn ¼ aðkÞij ; bðkÞij ; cðkÞij ; dðkÞijh i;lðkÞij ; mðkÞij mn is the intuitionistic trapezoidal fuzzy decision matrix,lðkÞij  ½0;1; mðkÞij 
½0;1; lðkÞij þ mðkÞij 6 1, j = 1, 2, . . ., n, i = 1, 2, . . ., m, k = 1, 2, . . ., t.
The approach to resolve multiple attribute group decision making problems with intuitionistic trapezoidal fuzzy informa-
tion mainly involves the following steps:
Step 1. Applying the weights of attribute, and the ITFWG operator~rðkÞi ¼ ITFWG ~rðkÞi1 ;~rðkÞi2 ; . . . ;~rðkÞin
 
; i ¼ 1;2; . . . ;m; k ¼ 1;2; . . . ; t; ð20Þto derive the individual overall preference intuitionistic trapezoidal fuzzy values ~rðkÞi of the alternative Ai.
Step 2. Utilize the ITFHG operator to derive the collective overall preference intuitionistic trapezoidal fuzzy values
~ri ði ¼ 1;2; . . . ;mÞ of the alternative Ai:~ri ¼ ð½ai; bi; ci;di;li; v iÞ ¼ ITFHGx;w ~r1ij;~r2ij; . . . ;~rtij
 
; ð21Þwhere w = (w1,w2, . . . ,wt)T is the weight vector of decision makers, with wk 2 [0,1] and
Pt
k¼1wk¼1; x = (x1,x2, . . . ,xt)
T is the
associated weight vector of the ITFHG operator, with xk 2 [0,1] and
Pt
k¼1xk¼1.
Step 3. Let eRþ ¼ ~rþ1 ;~rþ2 ; . . . ;~rþn  be positive-ideal solution. Then calculate the distances between collective overall values
~ri ¼ ð½ai; bi; ci; di;li;v iÞ and positive-ideal solution ~rþi ,d ~ri;~rþi
  ¼ 1
8
ðjð1þ l~ai  v ~ai Þai  2j þ jð1þ l~ai  v ~ai Þbi  2j þ jð1þ l~ai  v ~ai Þci  2j þ jð1þ l~ai  v ~ai Þdi  2jÞ: ð22ÞStep 4. Rank all the alternatives Ai (i = 1,2, . . . ,m) and select the best one(s) in accordance with d ~ri;~rþi
 
. The smaller the dis-
tance d ~ri;~rþi
 
, the better the alternatives Ai (i = 1,2, . . .,m) will be.
Step 5. End.
5. A numerical example
Global environmental concern is a reality, and an increasing attention is focusing on the green production in various
industries. A car company is desirable to select the most appropriate green supplier for one of the key elements in its man-
ufacturing process. After pre-evaluation, four suppliers Ai (i = 1,2,3,4) have remained as alternatives for further evaluation.
Four criteria are considered as: u1: product quality; u2: technology capability; u3: pollution control; u4: environment man-
agement; (whose weighting vector n = (0.22,0.20,0.28,0.30)T). This company has a group of DMs form four consultancy
departments: d1 is from the production department; d2 is from the purchasing department; d3 is from the quality inspection
department; d4 is from the engineering department (whose weighting vector W = (0.20,0.30,0.35,0.15)T). They constructed
the decision matrices eRðkÞ ¼ ~rðkÞij 44 ðk ¼ 1;2;3;4Þ as follows:
eRð1Þ ¼
ð½0:6;0:7;0:8;0:9;0:6;0:2Þð½0:3;0:4;0:5;0:6;0:6;0:4Þð½0:5;0:6;0:7;0:9;0:3;0:4Þð½0:6;0:7;0:8;0:9;0:5;0:3Þ
ð½0:7;0:8;0:9;1:0;0:7;0:3Þð½0:5;0:6;0:7;0:8;0:5;0:3Þð½0:4;0:5;0:7;0:8;0:7;0:3Þð½0:5;0:7;0:8;0:9;0:4;0:6Þ
ð½0:4;0:5;0:6;0:7;0:4;0:2Þð½0:3;0:4;0:5;0:7;0:6;0:3Þð½0:2;0:4;0:5;0:6;0:5;0:3Þð½0:6;0:7;0:8;0:9;0:5;0:2Þ
ð½0:1;0:2;0:4;0:5;0:6;0:2Þð½0:3;0:4;0:6;0:7;0:5;0:2Þð½0:5;0:6;0:7;0:8;0:4;0:3Þð½0:4;0:5;0:6;0:7;0:5;0:1Þ
26664
37775;
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ð½0:1;0:3;0:4;0:5;0:7;0:2Þð½0:2;0:4;0:6;0:8;0:5;0:2Þð½0:2;0:5;0:6;0:8;0:4;0:3Þð½0:1;0:4;0:5;0:6;0:7;0:1Þ
ð½0:2;0:4;0:6;0:8;0:6;0:3Þð½0:4;0:6;0:8;0:9;0:7;0:2Þð½0:4;0:6;0:8;1:0;0:5;0:3Þð½0:3;0:5;0:6;0:7;0:8;0:1Þ
ð½0:2;0:4;0:6;1:0;0:6;0:2Þð½0:2;0:4;0:6;0:8;0:8;0:2Þð½0:1;0:2;0:6;0:8;0:6;0:2Þð½0:1;0:2;0:3;0:5;0:6;0:4Þ
ð½0:2;0:3;0:4;0:7;0:5;0:3Þð½0:1;0:2;0:3;0:5;0:6;0:2Þð½0:1;0:3;0:5;0:7;0:7;0:2Þð½0:1;0:2;0:4;0:5;0:5;0:3Þ
26664
37775;
eRð3Þ ¼
ð½0:6;0:7;0:8;0:9;0:7;0:2Þð½0:1;0:3;0:5;0:6;0:4;0:2Þð½0:3;0:5;0:6;0:7;0:4;0:3Þð½0:1;0:2;0:4;0:5;0:7;0:1Þ
ð½0:5;0:7;0:8;0:9;0:6;0:3Þð½0:4;0:5;0:6;0:8;0:7;0:3Þð½0:4;0:6;0:7;0:8;0:3;0:1Þð½0:3;0:5;0:6;0:8;0:5;0:3Þ
ð½0:7;0:8;0:9;1:0;0:6;0:2Þð½0:3;0:4;0:6;0:7;0:5;0:2Þð½0:1;0:2;0:6;0:8;0:5;0:3Þð½0:1;0:2;0:4;0:5;0:6;0:3Þ
ð½0:4;0:5;0:7;0:9;0:5;0:3Þð½0:1;0:2;0:3;0:4;0:4;0:1Þð½0:1;0:3;0:5;0:6;0:6;0:2Þð½0:1;0:2;0:3;0:5;0:5;0:2Þ
26664
37775;
eRð4Þ ¼
ð½0:4;0:5;0:7;0:8;0:4;0:5Þð½0:4;0:5;0:6;0:7;0:6;0:4Þð½0:5;0:6;0:7;0:9;0:3;0:4Þð½0:4;0:7;0:8;0:9;0:3;0:6Þ
ð½0:5;0:6;0:7;0:9;0:3;0:5Þð½0:5;0:6;0:7;0:8;0:4;0:3Þð½0:4;0:5;0:7;0:8;0:7;0:3Þð½0:5;0:6;0:8;0:9;0:5;0:6Þ
ð½0:3;0:5;0:6;0:8;0:4;0:2Þð½0:2;0:4;0:5;0:8;0:6;0:2Þð½0:2;0:4;0:5;0:6;0:5;0:3Þð½0:3;0:5;0:6;0:8;0:4;0:2Þ
ð½0:1;0:2;0:4;0:6;0:6;0:3Þð½0:3;0:5;0:6;0:7;0:5;0:1Þð½0:5;0:6;0:7;0:8;0:4;0:3Þð½0:2;0:4;0:6;0:7;0:5;0:1Þ
26664
37775;Procedure for the selection of green supplier contains the following steps:
Step 1. Utilize the decision information given in the intuitionistic trapezoidal fuzzy decision matrix eRðkÞ ðk ¼ 1;2;3;4Þ, and
the ITFWG operator to derive the individual overall preference intuitionistic trapezoidal fuzzy values ~rðkÞi of the alter-
native Ai.~rð1Þ1 ¼ ð½0:50;0:60;0:70;0:83;0:47; 0:33Þ; ~rð1Þ2 ¼ ð½0:51;0:64;0:77;0:87;0:55;0:48Þ;
~rð1Þ3 ¼ ð½0:35;0:50; 0:60;0:72;0:49;0:25Þ; ~rð1Þ4 ¼ ð½0:60;0:41;0:57;0:67;0:49;0:20Þ;
~rð2Þ1 ¼ ð½0:14;0:40; 0:52;0:66;0:56; 0:20Þ; ~rð2Þ2 ¼ ð½0:32;0:52;0:69;0:84;0:64;0:22Þ;
~rð2Þ3 ¼ ð½0:13;0:27;0:49;0:73; 0:64;0:27Þ; ~rð2Þ4 ¼ ð½0:12;0:24;0:40;0:73;0:57;0:25Þ;
~rð3Þ1 ¼ ð½0:20;0:37; 0:55;0:65;0:50;0:22Þ; ~rð3Þ2 ¼ ð½0:39;0:57;0:67;0:82;0:44;0:23Þ;
~rð3Þ3 ¼ ð½0:19;0:31;0:58;0:71; 0:47;0:24Þ; ~rð3Þ4 ¼ ð½0:14;0:27;0:42;0:57;0:54;0:20Þ;
~rð4Þ1 ¼ ð½0:43;0:58;0:71;0:83; 0:37;0:65Þ; ~rð4Þ2 ¼ ð½0:47;0:57;0:73;0:85;0:47;0:56Þ;
~rð4Þ3 ¼ ð½0:25;0:45;0:55;0:74; 0:46;0:57Þ; ~rð4Þ4 ¼ ð½0:24;0:40;0:57;0:70;0:49;0:71Þ:Step 2. Applying the ITFHG operator to derive the collective overall preference intuitionistic trapezoidal fuzzy values ~ri (Let
W = (0.20,0.30,0.35,0.15)T and x = (0.155,0.345,0.345,0.155)T).~r1 ¼ ð½0:24;0:46;0:60; 0:72;0:50; 0:34Þ;
~r2 ¼ ð½0:39;0:43;0:71;0:81;0:55; 0:34Þ;
~r3 ¼ ð½0:20;0:35;0:55; 0:74;0:55;0:33Þ;
~r4 ¼ ð½0:19;0:31;0:47;0:63;0:55; 0:37Þ:Step 3. Calculate the distances between collective overall values ~ri and intuitionistic trapezoidal fuzzy positive ideal solu-
tion r+.dð~r1; rþÞ ¼ 0:207;
dð~r2; rþÞ ¼ 0:144;
dð~r3; rþÞ ¼ 0:218;
dð~r4; rþÞ ¼ 0:264:Step 4. Rank all the alternatives Ai (i = 1,2,3,4,5) in accordance with the ascending order of dð~ri; rþÞ: A2 	 A1 	 A3 	 A4, and
thus the most desirable alternative is A2.
6. Conclusions
In this paper, the concept of the ITFWG and the ITFOWG operators has been deﬁned, which extends the weighted geo-
metric (WG) operator and the ordered weighted geometric (OWG) averaging operator to accommodate the situations where
the input arguments are intuitionistic trapezoidal fuzzy values. We also have presented some particular aggregation oper-
ations including the I-ITFOWG and ITFHG operators, which are a generalization of the ITFWG and the ITFOWG operators. The
novelty of the ITFHG operator is that it reﬂects the importance degrees of both the given argument and the ordered position
of the argument and can relieve the inﬂuence of unfair arguments. Furthermore, we have developed an approach to multiple
J. Wu, Q.-w. Cao / Applied Mathematical Modelling 37 (2013) 318–327 327attribute group decision making (MAGDM) with intuitionistic trapezoidal fuzzy information based on the ITFWG and the
ITFHG operators. Finally, an illustrative example has been given to verify the developed approach and to demonstrate its
practicality and effectiveness. In the future, we shall continue working in the extension and application of the developed
operators to other domains.
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